Résumé. 2014 
Our recent theory of the free energy and conformations of end-grafted polymer « brushes » is extended to polymers attached to curved surfaces. Several important systems, e.g., layers of polymeric surfactants or of strongly segregated diblock copolymers, can be well described as brushes. By expanding in powers of the curvature the free energy of a brush on a curved surface, the mean and Gaussian bending moduli may be obtained analytically. Results for K and K of monodisperse brushes are consistent with scaling arguments, which imply K, K ~ N3 03C3 5 for melt conditions and ~ N3 03C3 7/3 for moderate-density brushes with solvent. The important case of a brush composed of a mixture of long-and short-chain molecules is also treated analytically. The replacement of a small fraction of long-chain molecules in a brush by short chains is shown to dramatically reduce the bending moduli.
J. Phys. France 49 (1988) 1951 -1962 [1] [2] [3] [4] [5] and fluctuations [6] [7] [8] [9] in systems of self-associating amphiphiles, by parameterizing the monolayers or bilayers in these systems in terms of bending moduli and spontaneous curvature. However, progress in understanding the origins [10] [11] [12] [13] [14] of these fundamental parameters has been somewhat less complete.
One origin of the elastic constants of amphiphilic layers is the interaction of the long hydrocarbon « tails » of the molecules. These tails may be described with the language of polymer physics, a description which becomes increasingly good as the molecular weight of the tails increases, i. e. , in the limite of a « polymeric surfactant ». Recently, progress has been made both experimentally [15, 16] and theoretically [17, 18] Consider the problem of a polymer chains per unit area attached by one end to a surface, and exposed to a not-too-good solvent (such that the monomers interact with one another through a mean monomer density). A description of this brush would consist of the conformations of the chains, and thus such quantities as the monomer density 0 (z ) at a height z above the surface, the local monomer chemical potential V (z ), and the density of free chain ends (z).
Energy-balance [19] and blob [20] [17, 21] has shown that these simple scaling arguments miss several important features of the brush ; namely, 1) the conformations of different chains in the brush are not necessarily similar, nor is a particular chain uniformly stretched ; 2) the density profile, rather than being nearly a step-function as was suggested, [19, 20] is instead parabolic ; and 3) because the density profile goes continuously to zero at the outer extremity of the brush, the force to compress the brush slightly is weaker (by one power of the strain) than calculated using a step-function ansatz profile.
These results [17] were obtained by a solution of the one-dimensional self-consistent field (SCF) equations [22] , which give a mean-field description [23] [17] to demonstrate that the chain end density is indeed nonzero everywhere in the brush.)
Then the self-consistent chemical potential V (z) must be such that a chain of molecular weight N may be in equilibrium -with no force applied to its free end -with that end located anywhere in the brush (at zo, say). There is then a precise analogy [23] between the most probable path of the chain between z = zo and z = 0, and the trajectory of a certain classical particle. Under this analogy, discus-sed in detail in reference [17] , the arc-length of the chain (roughly, the monomer index) corresponds to « time », and the degree of local chain stretching to velocity. The fictitious particles move with equation of motion where the potential energy U(z) of the fictitious particle is related to the monomer chemical potential V (z ) by U (z ) = const -V (z ). (We define U(O) = 0, and assign V (h ) = 0 for equilibrium brushes.) Since there is no tension at the free end of a chain, dz/dn = 0 there ; i.e., the particle starts (at « time » zero, at point zo) from rest.
Then it is evident that for monodisperse chains, the potential U (z ) must be an equal-time potential, i. e. , it must give the same « time of flight » (chain length) for a particle starting from rest at any distance away from the grafting surface. That is, ' I U(z ) must be a harmonic-oscillator potential, so that V (z ) = A -Bz. ( Finally, we may check our assumption that a positive end density c(z) exists which reproduces the monomer density 0 according to the second selfconsistency condition. The contribution dO (z ; zo) of a chain with free end at zo to 0 at a point z is the inverse of its velocity [17] The density is then the sum of contributions from all the chains, and may be written This equation may be solved explicitly for e (z) in both the moderate density and melt cases (see Fig. 1 ) ; in addition, general arguments may be given which establish that E (z) &#x3E; 0 in a brush grown on a flat surface [17] . (This point is discussed further in Sect. 2).
In a subsequent paper, we explored the everpresent effects of polydispersity in molecular weight on the properties of end-grafted polymer brushes [18] . An understanding of these effects requires an extension of the equal-time arguments of reference [17] to a case where many molecular weights and thus « transit times » coexist within a single brush. One characteristic feature of the polydisperse brush is that the « equal-time » requirement forces the free ends of chains of different molecular weight to segregate in the z-direction : the self-consistent potential V (z ) has an unique time of flight (molecular weight) associated with each height z above the grafting surface. All shorter chains will have their free ends closer to the grafting surface than that of any longer chain. This segregation is a general feature of the « classical » long-chain limit for the polydisperse brush [26] .
We were able in reference [18] To compute the quantities F, (R ) and Fc(R), we imagine assembling the brush on a slightly curved substrate, grafting chains to this substrate at the same coverage (chains per unit area) a present in the flat brush. We assume for the moment (this will be examined below) that in the bent configuration, the local monomer chemical potential V (z ) is still parabolic, V (z, R) = A (R) -Bz 2. This is equivalent (because of the « equal time » arguments of the introduction and Ref. [17] For convenience, we define the end density e(z) in the bent (cylindrical) geometry to be the number of ends per unit (height x projected area).
Then, in the melt case, the requirement that E (z) reproduce the (uniform) density is, by analogy to the discussion in section 1, Assuming that V is a parabola amounts to writing U (z ) = BZ2; using this and A = Bh 2, equation (16) may be expanded. It is convenient [18] to rewrite the equations in « U space », defining E (U) d U = = e(z) dz, as This may be solved perturbatively in powers of 5 -= h/R for e (U), yielding the end density of a monodisperse brush bent into a cylinder as
The second term in equation (18) [18] , the self-consistent potential U(z ) (V = A -U ) for a bimodal brush, with M/N = 3/2 (solid curve). Below h, = 1, the potential is that of a monodisperse brush of N-chains (dashed curve) ; above hl, the potential approaches that of a brush of M-chains (dotted curve).
complications of a dead zone (which e.g., makes it impossible to guess the form of V) when considering « large » (nonperturbative) curvatures.
3. Mixing short and long chains.
The methods of treating strongly stretched polymers developed in reference [17] were extended in reference [18] We begin with a brief summary of results for the unbent mixed melt brush. In reference [18] , it was shown that in a brush composed of a mixture of chains of molecular weights N and M::-. N, the free ends of chains segregate in the z-direction (normal to the grafting surface). The segregation results from the « equal-time » requirement : chains of two different molecular weights, experiencing the same potential V, cannot both be in equilibrium with their free ends at the same distance from the grafting surface. The free ends of the shorter (longer) chains will be found at distances z --z 1 (z :-.. z from the grafting surface.
The self-consistent potential V (z ) for figure 3 .
It was also shown in reference [17] that the end density, converted to «t/-space» by c(z)dz= E ( U ) dC/ (as proved convenient in the calculation of E in a bent geometry in sect. 1), could be determined independently of polydispersity as Using equation (21) The analogous construction for compressing a brush into a section of a sphere of a radius R, for which C s (z, R) = (1 -zIR)' and hs (R ) is given by equation (13), yields (In Eqs (26, 27) , the signs have been chosen so that R &#x3E; 0 corresponds to a brush on the outside of a bend).
If we expand the osmotic pressure in equations (26, 27) to 0 (c ), and compare to the formal bending energy expansion equation (3), we may obtain general expressions for K, K, and co. What remains is to relate 8H/ac I c = 0 in the cylindrical and spherical geometries. The result, may be understood in several ways. Physically, the factor of two arises from the fact that the crosssection at a height z in the spherical bend is reduced twice as much (to 0 (c )) as for a cylindrical bend of the same radius ; thus, the first-order change of the osmotic pressure II(z ) from its flat-geometry value is doubled. More formally, we may write for a general bend H = H(Z, Cl, C2) ; then Hc(z, c) = II (z, c, 0) = II (z, 0, c ), and IIS (z, c ) = II (z, c, c ). Differentiating with respect to c, equation (28) follows immediately.
Now we carry out the expansion of equation (27) (noting that H(h (c), c) always vanishes, we need not expand the dependence in the limit of integration of h(c)). The final result is We see from equations (29) (30) (31) [9] , may be difficult to achieve.
We now proceed to evaluate equations (29, 30) (10) (22), which counts the free ends of the chains, if we knew the end density E (z,.c) to 0 (c ) for the bimodal melt brush in the cylindrical geometry. The details of this procedure are contained in Appendix A. The results are with h again the total height of the flat bimodal brush, as given after equation (32) .
Combining equation (35, 36) with equation (34) and inserting the result into equation (33) gives (after more algebra)
where we have defined n -N 1M, cp == 0' II 0', and k -(1 -cp ) + n4,. (Appendix B describes the conversion of equations (32, 37) into physical units).
The somewhat formidable-looking expressions for K is plotted in figure 4 as figure 4 , the slope of the curve near 0 = 1 should be five (rather than unity, as the interpolation would suggest). Indeed, if we expand equation (32, 37) around .0' = 0, we obtain the first correction to the monodisperse M-chain value of equation (10) Fig. 1 mono- layers.
The present model can be applied to the interesting case of mixed long-and short-chain amphiphiles ; the bending moduli for this system are found to depend nonlinearly on the fraction of short chains. In particular, replacing a relatively small fraction of long chains with shorter ones serves to make the bilayer nearly as flexible as the pure short-chain bilayer. This phenomenon is observed in preparation of surfactant-cosurfactant mixtures used in the study of fluctuating flexible bilayers [36] . We 
